A Fubini theorem for multiparameter Paley-Wiener-Zygmund stochastic integrals is established which unifies various stochastic integration formulas.
Introduction.
Paley-Wiener-Zygmund (P.W.Z.) stochastic integrals have been used in several recent papers, including [4-12, 17-20, 28] , concerning Feynman integration theory. In particular, P.W.Z. integrals are used in the definition of a Banach algebra S of functions on Wiener space that was introduced by Cameron and Storvick [4] . In [17] Johnson showed that S was isometricaily isomorphic to a Banach algebra of Fresnel integrable functions as given by Albeverio and HoeghKrohn [1] . The initial motivation for this paper was a need in [10 and 28] for a Fubini-type stochastic integration formula involving a mix of a one-parameter Wiener process and a multiparameter Wiener process. where "1. i. m." means "limit in the mean" (or limit in Z,2-sense) and JQ hn(t)dW (t) is the ordinary Riemann-Stieltjes integral.
It is well known that for each h in L2(Q), the P.W.Z. /" h(t)d*W(t) exists almost surely and is essentially independent of the CON set {an}-Also if h is of bounded variation on Q then fQ h(t)d*W(t) equals the R-S integral JQ h(t)dW(t) almost surely. Some more general P.W.Z. stochastic integrals are considered in Park [25] and Kuo and Russek [22] .
For a nonanticipating function h(t,oj) in L2(Q x Q), where (0,J?~,P) is a probability space, Itô's stochastic integral ¡Q h(t,u>)dW(t) is extremely well known and widely used. In §2 of this paper we establish some conditions under which the Itô stochastic integral and the P.W.Z. stochastic integral agree almost surely. We then proceed to develop a Fubini theorem for stochastic integrals which unifies several integration formulas.
In §3 we define a P.W.Z. type double stochastic integral and show that it is equal almost surely to certain iterated stochastic integrals. We then establish a Fubinitype theorem which allows the interchange of the order of the stochastic processes and point out that a corresponding result is not possible for Itô integrals.
2. Stochastic integrals with respect to two independent processes. In our first theorem we show that under certain conditions the Itô and P.W.Z. stochastic integrals agree almost surely. Let h(t,u) be a function on Q x R such that
almost surely, where the right-hand side is the Itô stochastic integral.
PROOF. Let{ak(t)}kxL1 be a CON set on Q with each ak of bounded variation. Then 
Ja Ja almost surely.
In [ 
Our next result is a Fubini-type theorem which subsumes both theorems A and B. In particular note that we simply require the function g to be in L2 rather than to be of bounded variation. Then for any function g in L2(Q x Q'), we have that Proof. It suffices to show that dY(s)
ds.
Thus, (2.1) is established.
The following corollaries and remarks show that Theorem 2 is indeed quite a general, powerful, and unifying theorem. 
The result now follows by setting g(s,t) = h(t)^(s;t^) in Theorem 2 above. 
Y\ \ g(s,t)al(s)a%(t)dsdt Uq2
We may rewrite the above as
Although defined quite differently, the above centered double stochastic integral 
As is well known (see [16] ), Itô's double stochastic integral f02 g(s,t)dW(s)dW(t) has expected value 0 and variance 2 Jq2 g2(s,t)dsdt. So,
and /Q2 g(s, t)dW(s)dW(t) have different variances unless g(s,t) is symmetric in s and t.
Let srf consist of all functions g E L2(Q2) such that oo .
y* / g(s,t)ai(s)at(t) dsdt converges for some CON set {at(i)} on Q with each a¿(í) of bounded variation. Park [27] shows that for a large class of functions g E L2(Q2), y^ / g(s,t)al(s)ai(t)dsdt = / g(s,s)ds.
¿=íJQ2 JQ
In particular, this class contains all the continuous functions on Q2.
Let g E $/. PROOF. Using the function £ given by (2.2), we may write llm.TßP(t{k)) f■■■ i' ßp(s^)dsi---dsk = 2-k. generated by {W(s): st < tt,l < i < N}. Thus, the left-hand side of (3.1) is not defined in the sense of Itô.
